
 Subspaceso tR

A subspace of IR is a smaller linear space that

passes through the origin

Ed In 1122 lines through the origin are subspaces

The origin itself is also a subspace
n

In 1123 the subspaces are planes and lines

through the origin as well as the origin
2itself n

t
X L

In general we define subspaces as follows



Definite A set i.e collection U of vectors in
IR is a subspace of 112 if it satisfies

The zero vector is in U i e J
g Umeans

If Fell and fell then Ttyc U
is in

closed under addition

If I e U then at EU for every real number a
closed under scalar multiplication

Ex A plane in 1123 through the origin has equation

I T Ff 0 or ax byte 2 0

Where I E is a normal vector

Let's check that this is a subspace

If I 8 then I J hi 0 0 so J is in the

plane

If I and I are in the plane then

f T.tv ii I th J 0
I

O 0

so I VT is in the plane



If J is in the plane and S is a scalar then

ii SJ s T J Sco o

So any planethrough the origin is a subspace of IR

Each matrix A has 2 very important subspaces that

correspond to it

Def let A be an mxn matrix

The hell space of A denoted hullA is the set of

vectors I in 112 such that AT 8

null A Te IR AJ J
7

suchthat

The tace of A denoted 1mA is the set of

vectors in Rm of the form AT

That is vectors in such that A I D has a

solution

We can check that these are both subspaces of IR

and 1km respectively

hull A

J is in hull A since A8 8



If I and I are in hullA then

AE th Air AT J

If I c hullA and a is a scalar then A at a 8

So hullA is a subspace of IR

Exercise Check that imA is a subspace of IR

Eigenspaces

let X be any number Define

C A I c IR AI tx

Then I is in A if and only if AI A 5 8 So

Ca A hull XI A

Thus Ex A is a subspace of 1125 called the eigenspace of

A correspondingto 7

If Ex A containsany nonzero vectors then t is an eigenvalue

and the nonzero vectors in G A are the corresponding
eigenvectors



Spanningsets

let T and I be two nonzero nonparallel vectors in 1123

w tails at the origin let M be the plane throughthe

origin containing J and J

but ofThem a vector f is in M if won
o j sand only if f at but art

for some a b in IR

i e P is a linear combination of J and J

So we can describe M as

M at tbwla.be R

I in is called a spurt for M

More generally

Def Given Ii Iz Ir in IR the set of all linear

combinations of I In is called the Spain of the

Ii and is denoted

span I Ia t.IT ftp.xn ti in IR

Ex For any singlevector I we have

spun I tx Ite IR which is the line through



the origin containing I
span I

We saw above that if I 5 are nonparallel Vectors then

span I I is the plane through the origin containing5,5

Then let U span I In in IR Then

1 U is a subspace of 112 containing each Ii

2 If W is a subspace of IR and each Xi EW then

U EW ie U is contained in W

Ex If I En is the standard basis in IR then

112 span E in

since every vector

a

is a linear comb of the ei

a

a E ta et t anET

spannihg.se
sfovhullAandimAnul1A

is the set of solutions to A T J Thus if J Tn
is a set of basic solutions null A consists of linear



combinations of Ti Tn So

hullA span T tn

EI If A
o f f f what is null A

First we solve

20 18 for0 I I o l I

x t 2 3 0 Xz Xz O1

setting x s X t solutions are

s
s Ittf

so nullA span Yo

To find imA let T T denote the columns of A

So A E En Then if I Ten is the standard
basis we have

A Ii Ii

Thus each Ci is in im A



If I f is an arbitrary vector then

I X E t X E t t XuIn So

AT x AE t X A ea t t XuAin
X I t t XuEn

So the image of A consists of all linear combinations of

the columns of A i e

im A span I in

Ex If A Y then im A span bo Y
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